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Objectives

= Understand the Principle of Virtual Powers
= Use itin simple problems of statics
= Use it in continuum mechanics

= Use it as a starting point for Finite Element formulations



Prerequisites

= Tensor calculus

= Patience and a nice problem to solve



The Principle of Virtual Powers



Giuseppe Luigi Lagrangia, 1736-1813
(Joseph-Louis Lagrange)
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MECHANIQUE
ANALITIQUE

PREMIERE PARTIE

L4 STATIQUE.

SECTION PREMIERE

Sur les différens Principes de la Statique.

LA Statique eft la fcience de I'équilibre des forces. On

entend en général par force ou puiffance la caufe, quelle
qu’elle foir, qui imprime ou tend & imprimer du mouvement

au corps auquel on la fuppofe appliquée; & c'eft aufli par la
quantité du mouvement imprimé , ou prét & imprimer, que

la force ou puiflance doit s'eftimer.




MECHANIQUE
ANALITIQUE

PREMIERE PARTIE

LAd STATIQUE.

SECTION PREMIERE

Sar les différexs Principes de la Statigoe,

Statics is the science of the equilibrium of forces

L\ Stacique et 1a fcience de Féquitibre des forces. On
entend en génénal par force ou puiffance la canfe, qoclle
H qu'elle foir, quiimprime ou tend & impri ds mowremene
With force (or power) we mean the cause of mouvement sl e e
quantité du mouvemens imprimé , ou peée 3 imprimer, que

Ia force ou puiffance doit s'eftimer.

It is through the quantity of mouvement that the force can
be quantified
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The Principle of Virtual Velocities (or Powers)

St un [yfiéme quelconque de tant de corps ou points que
Lon veut tirés, chacun par des puiffances quelconques , eft en
équilibre , & qu’on donne & ce [yftéme un petit mouyement quel-
conque , en vertu duquel chaque point parcoure un efpace infini-
ment petit qui exprim:ra [avite[fe virtuelle 3 la fomme des putf-
fances , multipliées chacune par Uefpace que le point ou elle eft
appliquee , parcourt ﬂzivam la direction de cette méme puiffance ,
[era toujours égale a zero, en regardant comme pofutifs les petits

efpaces parcourus dans le fens des puiffances , & comme négatifs
les efpaces parcourus dans un fens oppofe.
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Original statement of PVP in English

IT [any system of bodies or points as we want, is acted upon by any system of forces,]
Is in equilibrium, and we give to this system any small motion,

then [by virtue of the fact that each point travels an infinitesimally small space that
expresses its virtual velocity,]

the sum of each force multiplied by the space that the point [where it is applied]

travels [along the direction of the same power,]

will always be equal to zero, [regarding as positive the small distances followed in the

direction of the powers and as negative those travelled in the opposite direction.]
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Make it simple...

The body will be in equilibrium
If, and only If,
the power generated by the forces acting on it, Is zero

under any possible (= virtual) velocity of the body.



Lagrange was far ahead of his time...



A long time ago, in a galaxy far,
far away....






[courtesy: The last Jedi, film, 2018]




The scientific problem:

BAD ~ GOOD

S

P =0,YVv
—Fgv+ Fgv =0,Yv

(—Fp + Fg)v =0,Yv

Fp = Fg
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PVP applied to a single body

~0

equilibrium <= ). pli) — 0, Vo

S F@® .50 =0, yo®
Rigid body:

50 = 50 4 GO x 7O

(3, FD) .09 + (3,700 x FW) . &9 = 0,70, &9

voO. 50 D i F =0
oY, wY =
Zi M(O,:ﬂf) —0
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‘ ’ . -
PVP and ‘Newton’ equivalence Je
¥, P =0
equilibrium <=
S, MO0 =0

multiplying by any v9,@® and adding:

(2, F9) - 50 + (2,709 x FV) .50 =0,¥5°, &0

Rigid body: %) = 99 4+ @ x (99

Zi F[T) . i;”(%j — [}j\?’i}”(tj — Zi ﬁ(?} _ U, ‘v‘ﬁ(”‘)
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Exercise #1

-> Using the PPV find all the
equilibrium points (angles 8) of the system:

|
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Answer #1

e

Pfs

r9 |

B,
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PVP applied to a system of bodies

= b

-
9
o

Ei -55(1] _ Zj ﬁ[emt,j] . ZF; ﬁ(int,k] =0,

V3 .
L " \rint _ FL
N . =a — Mp'"' ==
op = ak = gL
D Y T Mg
N ’,"’L
(5(:’ — _-dg
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Exercise #2

-> Using the PPV find the internal moment at point C:

= p
Q
b



Answer #2
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<INTERNAL ENERGY NOT TO FORGET |s>
ﬁ(?] _ aﬁ{emt,j] o ﬁ(int,k) —0

(Fiiis + Faiia) (02 = 0

BAD

GOOD
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Continuum Mechanics



PVP and continuum mechanics
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Definitions

v = v

internal deformation enery density: p(™t) = Tij€ij




ﬁy U':i.jgijdv — fV fEEdV — fﬁ‘V t;v;dS = 0, Vv,

Jy o€ dV = [}, 0i50i,5dV = [}, (0i0) ;dV — [\, 045,50:dV

Using the divergence theorem:

fv(gijﬁi),jdv = f@v(gijgi)njds = fav(aijnj)’ﬁidS

Replacing:
fV (Jij,j + fz) ﬁzdv + fﬁV (ti — crz-jnj) F“ﬁgdS = O,Vi’;
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Jy (@55 + [)TdV + [y, (¢t

(
vy | 7 +fi=0

= S

(i = Tign;

Which are the classical equilibrium
equations in continuum mechanics
-> Strong form

|.Stefanou, Oct18
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Linear & angular momentum balance principles
. fé‘V t;dS + fV fidV =10

with t; = o;;n;

* fav €ijkljTRdS + f(;w €ijkfiTrdV =0

o,

[y, tdS + [, fdV = [, tdS + [, fdV

Iﬁv t X xdS = fav t x #dS

31



Jov tidS + [y, fidV =0

ti — O-'ijnj

Using the divergence theorem:

Jov tidS =[5y, 0ijn;dS = [y, 0ij;dV

Replacing:

Jy (0355 + fi)dV =0

|.Stefanou, Oct18

32



f@V Ez'jktjitkds + fV ez-j;ﬂfja:de =0

tﬁ' = O'@jﬂj

Using the divergence theorem:

ISV €ijitjTrdS = fav €ijk0jpTrNpdS = fv(fijkgjpffk),pdv =
= [y (€ijkojpr) pdV = [y €ijk0jpprkdV + [y €ijrojprpdV =
- fv Eijk(_fj)$kdv + fV e?;jwjpékpdv

= — fV Eijkfj&?kdv + fV Eijkﬂ'jkdv
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Replacing:

Jov €ijrtizndS + [, €i fizdV = [, €ijpojdV =0

fV Eijkdjkdv = ()

Ojk = Okj
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PVP

Starting point:

* Virtual (generalized) displacements

* Virtual powers (external &
internal)

Less intuition

Prone to the Galerkin Method (Finite
Elements)

Momentum Balance

Starting point:

* (Generalized) stresses

More intuition



Principle of Virtual Powers
or

Principle linear & angular momentum balance ?

It is a matter of principles!
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Cosserat Continuum



Lecture Notes in Applied and Computational Mechanics 87

loannis Vardoulakis

Cosserat

Continuum
Mechanics

With Applications to Granular Media

@ Springer




From the MB point of view
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Equilibrium on infinitesimal volume
& Cauchy tetrahedron:

Tijj + Ji =0, by = Tiny

Mijj — €ijkTik + ¥i =0, i = T 1
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Energetic approach: PVP

|.Stefanou, Oct18 41



Exercise #3

-> Retrieve the strong form of equilibrium equations for Cosserat:

~ext,t) _ — t,
Ui+ WS _
P T Tijj +Ji =0
Pt = T + mjk; L Mijj — €ijkTik + ¥i =0
t;.{ — TijTly
. _ C . — .. .
Yij = Ui T €ijkWy Hi = Mz
o C
kij = wi;
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1D Cosserat: The Timoshenko beam

Consider a narrow infinite strip of Cosserat
continuum in the x,-direction, invariant in the
x,- and x,-directions: A,

o—>
X3
m?,j i — €iikTik = 0 mig + 732 =0
V = TSQA(:
Call: M = —TTllQA(;
;:BZ — .

y
dV __

@ =V
dM _

dx

M



av. _

dx /
dM /—\
dM _ .
X=X, 1 s
Kinematics:

Y32 = U3 2 — W]

k1o = w‘fjg = K (curvature)

Constitutive law:

732 = GY32 dx

mis = Ckio M = —-C"k,

G* = GA,

C"k

C'A.

El

M



When to use Cosserat?

e Size of the microstructure is important
(compared to the characteristic wave length of the loading)
* Presence of internal lengths
* There is no scale separation
* Important stress gradients

(compared to the size of the microstructure)

-> Shear bands, high-frequency phenomena, THMC couplings



Upscaling to Cosserat continuum?

The target is to derive the CC constitutive law based on the
properties of the microstructure.

Not trivial task as classical asymptotic homogenization
approaches are hardly applicable (no scale separation).

Equivalent continuum approach:

PVP
Construct a continuum that Relation between generalized

1) Hasthe same energy with the discrete stresses and generalized
2) Represents the kinematics of the discrete deformations
i.e. Constitutive law

[Forest et al. 1998, Bardet & Vardoulakis, 2001, Chang &

46
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How can we describe multiple failure
mechanisms with Cosserat continua?

VRPN M
7 / C B ) \\‘ 4 ﬁ
| l T |
| |

>

“ N ( T

\\\ /// &(/

N - F(T,»M)<0

Upscaling procedure and transfer of internal lengths

[Forest et al., 1998, 1999, 2001]
[Stefanou et al.,2008, Godio et al. 2014, 2015, 2016a,b, 2017]
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Cosserat for masonry

e A L A L L lm:‘m;—ﬂuwmmllmlmw:l

LSRN H'\'m1 m:a e al&gnﬁl.—g\mmmmumwlwuutmumiwwuum
a:-mmlummxmmmmlmmm -

T, T T Sy e—
lmm-ummammwmmmnsnmmmwlﬂj

discrete elements model Cosserat model

Masonry is a great toy model for developing higher order theories
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Cosserat for EQ faults

Source

[courtesy: Kramer 1996]
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Damaged zone

thickness: from ~10 m to ~1
km

r e

Gouge

composed of very fine crushed
particles, where the slip is
localized thickness:
from ~1 um to ~10 mm

[Myers et al., 1994]

[

[Chester & Cheste

r, 1998]
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T17T, To—=-T, [ p,=T,=0

. 4 , aC /'(32v"\ T
A fault zone is modelled as an Rt BN 1 - 11; o.T
. . o | 21 -
infinite layer under shear: C W —
A \ A

T17=T, uQ:O J43,=0) p.2='|“2=()

Momentum balance equations:

0*U.
Tijj — ‘D—&f? =0
d‘“’ Energy balance equation:
pij; — €ijkTik — pL—5 =0
dt
oT T 1
Elasto-plastic constitutive equation: o~ Gthhi = oC (J?.?‘-* + pijky;)
L J
: o o Y
Tij = :ﬁ.,i '}’kﬁﬂ:ﬁ-r Kkl + E;ﬁ;z T on Plastic work

!t}'f'_f - ;ll’:__,l;! Rkl + Lr_,rH /il + r\uﬁ. T Ok

Mass balance equation:
dp . - AOT 1 0s,
Terzaghi effective stress:  Ti; = Tij + P 0ij gt~ v P g* ot pB* ot

\ ] \ J
Y Y
Thermal Porosity

|.Stefanou, Oct18 pressurisation  variation

[Rattez et al. 2018a,b,c]



height (mm)

0.8

0.6-

0.4-

0.2

Numerical results

Fast rate (1 m/s)

80+
£ 60-
g
@ 40.
7
wWeC_Z =
0.000e+00 o 204
¥ @
- 40.85
.7 0
255 0 0.0001 0.0002 0.0003 0.0004 0.000.
-3.400e-+00 displacement (m)
’ b5
l 0.8
£ 0.6
b 0.4-
=
B 0.2 “
' 1] L] 1 1 1 O ] 1] 1 1 1
0 5 10 15 20 25 30 0 20 40 60 80 100

pore pressure change (MPa)
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Grain size evolution based on Breakage Mechanics

qVsy qvsp
A : R T
[ [\ ‘ - s
1.0 ,/ \ 1.0} /,../ X
| ; “‘ | //
Uf X ﬁ S
0.8 [\ 0.8/ A
—_ ; Jf \\'\ — /
& 06} | N & 0.6 /
é ’i \\\ ! é ! //
T 0.4 . © 04 /
| | >ty /
|| Trma v
0.2{f S 0.2f
| T o
‘ 0.1 0.2 0.3 0.4 0.5 0.2 0.4 0.6 0.8 1.0 1.2 1.4
y p (MPa)
Shear band thickness vs y Cumulative grain size distribution
1.0
80 —— Initial distribution
0.8t ===-- Ultimate distribution
60 e _= —— Current distribution
o S Q o6
£ //(’/J/ =
E 40 . -8 | r
< ‘\ A g 04
( ,/'/ L /"/
20t N\~ P
— 02 ‘‘‘‘ P
—¢ ; : ‘ 0, Qlasezz : i
0.1 0.2 0.3 0.4 0.5 0.001 0.005 0.010 0.050 0.100
Grain size (mm)

[Collins-Craft et al., under preparation] ¥



Micromorphic
(generalized) Continua



The starting hypotheses

Ansatz:

! ! r_.7 L
Vi = Vi +Xi;x; + Xije®; Ty + Xija®;Tpw; + -

ﬁfﬂw“) = tV; + WijXij T MHijkXijk + - - -
Pl = fi5; + iXaj + ik Xigh + - -
Pt =1i;Viy

— (8ijXij + SijkXijk + - )

+ (VijkKijk + VijkiKijki - - -)

[Germain, 1973, Mindlin, 1964 Eringen, 1999, ...] -



Classification

|

[ Continuum Media ]
[
v v
Classic or Cauchy Micromorphic

or Boltzmann (cf. Mindlin, Eringen, Germain)

( Higher order

I** order Micromorphic Micromorphic

(2nd, 3rd etc.)

v

Cosserat or Micropolar Second gradient
(The particle deforms
as the continuum)

(The particle is
considered rigid)

y

Indeterminate couple

stress
(The particle is restrained
to rotate as the continuum)

|.Stefanou, Oct18
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Applying PVP: strong form...

Vijk.k T 8ij +¥ij =0,

Vijkil + Sijk + Vijr = 0,

|.Stefanou, Oct18

t;i__ — Tijnj
Hij = VijkTk

Hijk = VijklTl
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Exercise #4

-> From the general micromorphic equations and by setting:

— C L. — ¢ e — 1. o= 1
Xij = —€ijkW, Kij = Wijr Sij = T 3CijkSky Hij = —3CijkMk,
1 1 _
Vijk = —35€i51MM ]k, Ib-;:_j = —gﬁijkﬂ)ﬁc, Tij = 05 + Sij

retrieve the strong form of equilibrium equations for Cosserat.

(hint: €;p€ijx = 20,1 )
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Finite Elements



Example: Simple shear with Cauchy continuum

Uﬂ

X5, Us(X5,1) 02>

‘ 02
Virtual power densities: ... ]_, o
3 T

ﬁfemt} — 0,0y + O |

int) ~ ~
;5{ ) = O20U2 2 + 012U 2

L d22 = ﬂ'fei?f-z,z
Constitutive law:
Jg12 = Gez’ih,z

PVP: P =0,V < [pplav = [, plerdS, Vo,
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Example: Simple shear with Cauchy continuum

Lt —~ — .
U™ = G990y 9 + 01201 2 092 = Mg o

ﬁ{ﬁwt) _ JHEQ 1 ’Tﬁl 019 = Gef_uljz

P = 0,Vv; <= fD plint)dy = f{)‘D Pt dsS, Vo,

Code snippet:
# Define internal virtual power
Pint=(
M_el*Dx(u[0],0)*Dx(v[0],0) + #sigma.22%v_2 2
G_el*Dx(u[1].,0)*Dx(v][1],0) #sigma.l2sv_] 2
; ) % dx
FENICS # Deline external virtual power
PMPOJECE Pext=dot (ti . v)*ds
# Solve the problem (does the FE formulation, matrix assembly and

linear solve)
solve(Pint == Pext, sol. bc)
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Summary

Basic ideas and intuition behind the Principle of Virtual Powers
Equivalence between equilibrium and PVP

Use in discrete systems

Use in classical continuum mechanics

Use in generalized continua

Use in upscaling where scale separation is no more valid

Use in Finite Elements (to be continued...)

Do the exercises...
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Thank you for your attention!
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